Abstract-In this work, a notion of local homogeneity is formally defined. Important results involving homogeneous functions or vector fields are reformulated in the consequent local context. In particular, global finite-time stability is characterized through the proposed notion of local homogeneity. As an application of the developed analytical setting, a global finite-time stabilization scheme for robot manipulators with bounded inputs is presented. The developed framework and results prove to be useful to relax analytical and synthesis constraints imposed or generated by homogeneity requirements.
I. INTRODUCTION
Global finite-time stability of the origin, as an equilibrium of a dynamical system, has been characterized through homogeneity for instance in [1, Theorem 7 .1] (see Appendix A; sufficient versions of this result have been presented in [2, Lemma 1] and [3, Corollary 5.4] ). Requiring homogeneity of the vector field involved in the state-space representation of a system dynamics may however result restrictive. This is the case, for instance, when the design of finite-time stabilizers is aimed in a constrained input context where the control signal is required to take values within a bounded range. Through a bounded feedback algorithm, the resulting closed-loop vector field cannot be homogeneous in the coordinate framework naturally defined by the state variables [1] . This brings to the fore the convenience to state a new notion of local homogeneity through which such an analytical restriction can be relaxed. Such a convenience has also been apparent in [4] , where stabilization of a PVTOL aircraft is achieved through (unbounded) control expressions that give rise to a partially homogeneous closed-loop structure. Through such a design procedure the authors achieved considerably faster closed-loop responses compared to those arisen with control expressions rendering (completely) homogeneous the closed-loop system. Nevertheless, a local notion of homogeneity through which the mentioned special cases acquire a formal sense has not yet been proposed. Indeed, the traditional coordinate-dependent definition of homogeneous functions and vector fields, stated for instance in [1] , [3] , [5] , and [6] , requires to hold on and for the whole dilation. Moreover, the existing analytical results on homogeneous functions or vector fields consider that such a global feature of homogeneity is fulfilled. Thus, such results do not necessarily hold and cannot even be applied if the homogeneity property is permitted to be satisfied only locally in some sense.
Such limitations motivated the present study which aims at: stating a new concept of local homogeneity through a formal definition, developing an analytical framework where some previous results that involve homogeneous functions or vector fields are reformulated in the defined local context, and stating a formal characterization of global Manuscript received December 13, 2010; revised July 13, 2011 and January 17, 2012; accepted July 11, 2012 . Date of publication July 11, 2013 finite-time stability through the proposed notion of local homogeneity.
As an application of the developed analytical framework, a global finite-time stabilization scheme for robot manipulators with bounded inputs is presented.
II. LOCAL NOTION OF HOMOGENEITY
We begin by formally defining a local notion of homogeneity. Analogously to the case of homogeneous functions and vector fields [1] , [3] , [5] , [6] , the local concept is stated in terms of family of dilations , defined as , , , where , with the dilation coefficients being positive real numbers. Subsequently, we denote , resp. , the set of vectors such that , resp. , , and the origin of . Given , a neighborhood of the origin will be said to be -connected if, for every , for all . and all , where . Actually, for every , the subset is the ray segment through contained in -which comprehends, and is consequently equivalent to, the (whole) ray through [6, Section 3.2] when . Let us further consider the set
for some such that (such a positive value exists in view of the open nature of ). The reformulation of some fundamental analytical results, originally stated under the consideration of -homogeneous functions and vector fields (in the traditional sense), leans on some important properties that are kept on the domain of homogeneity in the local context. One of such properties is the following. Hence, from the satisfaction of (2) and the fact that -which implies that, for every , ,
, and consequently that (2) is satisfied for all -we get and since for some , holds for all on . Hence, according to Remark 2.3, we have that , , which shows the negative definiteness of on . Finally, the fact that the infinitely continuous-differentiability property of holds at the origin as well follows along the lines of the corresponding (last) part of the proof of Proposition 2 in [7] .
The following result is a reformulation in the local homogeneity context-under the consideration of the coordinate-dependent family of dilations -of Lemma 4. (5) is obtained.
III. CHARACTERIZING GLOBAL FINITE-TIME STABILITY THROUGH LOCAL HOMOGENEITY
Consider an th-order autonomous system (6) where is continuous and , and let represent the system solution with initial condition . We begin by recalling the definition of a finite-time stable equilibrium [1] - [3] , [9] .
Definition 3.1: The origin is said to be a finite-time stable equilibrium of system (6) The main result of the present section is now stated. 1 Theorem 3.1: Suppose that in (6) is a locally -homogeneous vector field of degree with domain of homogeneity . Then, the origin is a globally finite-time stable equilibrium of system (6) if and only if it is globally asymptotically stable and . Proof: Suppose that the origin is a globally asymptotically stable equilibrium of system (6) and . By Theorem 2.1, there exists a continuously differentiable positive definite function being -homogeneous of degree , whose derivative along the system trajectories, , is continuous and negative definite on and locally -homogeneous of degree with domain of homogeneity . Applying Lemma 2.1 with , , , and , we have that
, where , , and , with as defined in (3) (for some such that ). Observe that the negative definiteness of implies on the one hand that , and on the other that is not constant whence we conclude that -see for instance [1, Theorem 4.1] (see Appendix A), which applies in the local homogeneity context too-and consequently . From this inequality, it follows that and therefore . Hence, by [9, Theorem 4.2] (see Appendix A)-in view of the satisfaction of the right-hand side inequality in (7) with -the origin turns out to be finite-time stable, and since its stability is globally asymptotical, we conclude from Lemma 3.1 that the finite-time stability of the origin is global, which proves the sufficiency of the statement.
Let us now suppose that the origin is globally finite-time stable. This implies that is Lyapunov stable and globally attractive, whence we conclude that the origin is globally asymptotically stable. Then, the existence of the previously described Lyapunov function satisfying (7) A) , the origin is concluded to be a finite-time stable equilibrium of system (10).
IV. APPLICATION TO THE GLOBAL FINITE-TIME STABILIZATION OF MANIPULATORS WITH BOUNDED INPUTS
Global finite-time stabilization of robot manipulators with unbounded inputs was treated in [2] in the coordinate-dependent traditional framework of homogeneity. Here, we show how the PD-type result in [2] may be extended to the bounded input case through the local homogeneity analytical setting developed in the previous sections.
Let us begin by recalling the -degree-of-freedom serial rigid robot manipulator dynamics [13] : (12) where , , are, respectively, the position (generalized coordinates), velocity, and acceleration vectors, is the inertia matrix, and , , are, respectively, the vectors of Coriolis and centrifugal, gravity, and external input generalized forces. Some well-known properties characterizing the terms of such a dynamical model are recalled here [13, Chap. 4 Suppose that the absolute value of each input ( element of the input vector ) is constrained to be smaller than a given saturation bound , i.e., , . In other words, letting represent the control signal (controller output) relative to the degree of freedom, we have that (13) , where is the standard saturation function, i.e., . Let us note from (12), (13) (12) and (13) . This proves that, under the scheme defined through (14) , input saturation is avoided. Thus, the closed-loop system takes the form By defining and , the closed-loop dynamics adopts the 2 th-order state-space representation By further defining , these state equations may be rewritten in the form of system (10) Therefore, (17) is concluded to be satisfied, which completes the proof. The proposed globally finite-time stabilizing scheme may be implemented by defining, for instance, , ,
V. CONCLUSION
A local notion of homogeneity has been formally defined. Relevant results originally stated in the framework of homogeneous functions and vector fields have been reformulated in the proposed local context. In particular, global finite-time stability has been characterized in the developed local framework. The proposed analytical setting was (16) applied to develop a generalized scheme for the global finite-time stabilization of robot manipulators with bounded inputs. More generally, the proposed analytical framework and results state an alternative platform for the analysis of global finite-time stability and the synthesis of global finite-time stabilizers that relaxes constraints imposed or generated by homogeneity requirements.
APPENDIX

A. Some Cited Results
For the sake of ease on the reading, some results cited from other works are reproduced here. The first four statements concern theorems or lemmas applied in the proofs of the results developed in this study. The last four are relevant results from the traditional homogeneity and/or finite-time stability frameworks whose reformulation in the proposed local context is presented in this work.
[ , and on the other that as , whence we conclude that as .
I. INTRODUCTION
The motivation for the present work is to facilitate an increased level of autonomy in the framework of a "systems of systems" i.e. a group of dynamic systems cooperating over a network, as reported in [1] , [2] , to perform a shared common objective. In such an architecture a single undetected fault in one agent could have a severe undesirable impact on the overall system performance. In this technical note, the network represents an interconnection topology over which individual systems exchange information. Systems operated in such cooperative and distributed environments, making use of relative information exchange, are prevalent in many areas of research, for example mobile robots, cooperating UAV team operations (surveillance and reconnaissance), formation flying of UAVs and satellites, vehicle platoons, and distributed state estimation applications such as localisation: for details, see [1] , [3] , [4] . These systems, with increasing size and complexity, are intended to operate in a highly autonomous way. Hence, to ensure safe and reliable operations, these systems, requiring a high level of autonomy, must be provided with a state monitoring and fault detection capability. Since the graph describing the topology of the information network is the lynch-pin, according to [5] , broadly speaking, state agreement, synchronization and consensus problems can be considered from an identical point of view. In [6] , an adaptive sliding mode observer is designed for synchronisation of coupled nonlinear systems while adaptive sliding mode control has been applied in [7] for synchronisation. Both of these applications adopt a master-slave framework. Recently, a second-order sliding mode observer together with a bank of wavelet networks has been designed specifically for online monitoring and fault detection in satellite formations in the presence of uncertainty [8] . In [9] , an observer-controller pair is proposed for a single unicycle mobile robot. Reference [10] considers a similar problem giving a sufficient condition for observability, and proposes an Extended Kalman Filter (EKF) scheme for the localization problem. The EKF estimates the states of the leader-follower formation from the measurements and control signals computed at the leader level. References [8] - [11] give further examples of the use of observer schemes in complex applications. Estimation over graphs from relative measurements are discussed in [12] , and recently in [13] , distributed unknown input observers have been designed for fault estimation in power networks.
Limited research has taken place in the field of fault detection and isolation (FDI) for large scale systems [14] - [16] . Although some results in this field were published in the 1980's, the literature is sparse. Using overlapping decomposition, the work described in [17] proposed a fault detection approach for discrete linear large scale systems. Subsequently the detection of abrupt faults in discrete systems was considered in [18] and decentralized fault detection schemes have also been proposed [15] , [16] . More recently Patton and co-workers have proposed a framework for fault detection in networked systems [19] , [20] . A similar problem to that investigated in [21] is considered in this technical note-the methodology however is entirely different. The work in [21] examines how the fault detection and isolation ideas of [22] can be extended to a group of agents exchanging relative information. In this technical note fault estimation (rather than FDI) will be pursued. Fault estimation is a more stringent requirement compared to traditional FDI problems which only seek to raise an alarm when a fault is present in the system (and then isolate the source). Estimating faults is more useful since the magnitude and 'shape' of the fault is reproduced. As a consequence it is easier to distinguish the presence of intermittent faults from persistent ones and also directly assess their severity. Fault estimation methods typically require stronger assumptions than residual based FDI methods, but have advantages in terms of performance.
Many monitoring and fault estimation schemes are based on model based techniques [23] , and in general, the focus is on centralized monitoring schemes which require all the measurements in the entire large scale system. The contribution of this technical note is to propose a framework which, although it is centralized in its implementation, the design of the observer components are entirely decentralized. From a synthesis point of view this has the benefit that the number of decision variables in the associated optimization problem is of the order of the
